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Abstract
We present, in the N = 2, D = 4 harmonic superspace formalism, a general method
for constructing the off-shell effective action of an N = 2 abelian gauge superfield cou-
pled to matter hypermultiplets. Using manifestly N = 2 supersymmetric harmonic
supergraph techniques, we calculate the low-energy corrections to the renormalized
one-loop effective action in terms of N = 2 (anti)chiral superfield strengths. For a
harmonic gauge prepotential with vanishing vacuum expectation value, corresponding
to massless hypermultiplets, the only non-trivial radiative corrections to appear are
non-holomorphic. For a prepotential with non-zero vacuum value, which breaks the
U(1)-factor in the N = 2 supersymmetry automorphism group and corresponds to
massive hypermultiplets, only non-trivial holomorphic corrections arise at leading or-
der. These holomorphic contribution are consistent with Seiberg’s quantum correction
to the effective action, while the first non-holomorphic contribution in the massless
case is the N = 2 supersymmetrization of the Heisenberg-Euler effective Lagrangian.
1Alexander von Humboldt Research Fellow. On leave from Department of Quantum Field Theory, Tomsk
State University, Tomsk 634050, Russia
N = 2 supersymmetric field theories possess remarkable properties both at the classical
and quantum levels. Applications of N = 2 supersymmetry range from superstring theory
to topological field theory, supergauge models and special geometry (see [1] for a modern
review). Although the theory of N = 2 supersymmetry has a long history, it still has
properties yet to be explored.
During the last few years, quantum aspects of N = 2 supersymmetric theories have
excited considerable interest. This interest was inspired by the seminal papers of Seiberg
and Witten [2] where the non-perturbative contribution to the low-energy effective action of
the N = 2, SU(2) super Yang-Mills model were calculated exactly. The content of Refs. [2]
is essentially based on the structure of the low-energy effective action proposed in Ref. [3]
(see also [4]).
A key element of the whole approach of [2] is the statement that the leading contribution
to the low-energy effective action of N = 2 super Yang-Mills theory is represented by a single
holomorphic function of the N = 2 chiral superfield strength W . A detailed investigation of
this statement, and the calculation of non-leading contributions to the low-energy effective
action, have been undertaken in recent papers [5–9]2.
As is well known, an adequate description of quantum N -extended supersymmetric field
theories can be achieved in terms of unconstrained superfields given on an appropriate N -
extended superspace. However, the analysis of Refs. [5–9], as well as the main statement of
Ref. [3], were based on the formulation of N = 2 supersymmetric theories in terms of N = 1
superfields. Such formulations lack manifest N = 2 supersymmetry which, in general, gets
closed partly on-shell. Since these formulations do not keep N = 2 supersymmetry manifest
at all stages of the computation, they can lead to a number of obstacles. In this respect,
the problem of calculating the effective action of N = 2 theories in terms of unconstrained
N = 2 superfields appears to be of importance.
N = 2 supersymmetric theories can be formulated in standard N = 2 superspace in
terms of constrained superfields. For a special N = 2 matter multiplet (the so called relaxed
hypermultiplet [11]) and the gauge multiplet the corresponding constraints were solved in
[11, 12]. However, these formulations look extremely complicated when the interaction is
switched on and, in our opinion, are very difficult to use for the computation of the effective
action.
A constructive and elegant approach to the description of theories with extended su-
persymmetry is based on the concept of harmonic superspace [13–16]. It allows one to
investigate different extended supersymmetric models naturally and simply. As to N = 2
2As it was noted in [10], such non-leading contributions are described in terms of a real function of W
and its conjugate W¯ .
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models, their formulation using the harmonic superspace approach looks quite transparent.
In this letter we begin an investigation of the quantum aspects of N = 2, D = 4 super-
symmetric field theories using the harmonic superspace approach. We study the low-energy
structure of the Wilsonian effective action of an abelian gauge superfield coupled to matter
superfields.
Because of N = 2 supersymmetry and gauge invariance, which the harmonic superspace
approach allows us to keep manifest, the effective action of the Maxwell multiplet is a non-
local functional of the (anti)chiral superfield strengths W and W¯ only. In the low-energy
limit, when only the leading contribution in the space-time derivatives survives, we are left
with a local effective superpotential depending only on W and W¯ .
The Fayet-Sohnius massless hypermultiplet is described in harmonic superspace by an
unconstrained analytic superfield q+(ζA, u
+, u−) [13], where ζMA ≡ (x
m
A , θ
+α, θ¯+α˙ ) are the coor-
dinates of an analytic subspace of the whole N = 2, D = 4 harmonic superspace, θ+α = θ
i
αu
+
i ,
θ¯+α˙ = θ¯
i
α˙u
+
i , ||u
±
i || ∈ SU(2), i = 1, 2. The most characteristic feature of the superfield q
+ is
an infinite number of auxiliary fields coming from the harmonic expansions in u+i , u
−
i . This is
the only possible way to describe the off-shell massless hypermultiplet within the framework
of N = 2 supersymmetry without central charges. The q+ multiplet is universal, all known
N = 2 matter off-shell multiplets with finite numbers of auxiliary fields (e.g., the relaxed
hypermultiplet [11]) are related to it via appropriate duality transformations [17].
The classical action for the hypermultiplet interacting with an abelian gauge superfield
V ++(ζA, u
+, u−) is given by
S[
⌣
q +, q+, V ++] =
∫
dζ
(−4)
A du
⌣
q +∇++q+ . (1)
Here dζ
(−4)
A = d
4xAd
2θ+d2θ¯+,
∇++ = D++ + iV ++ , (2)
and operation ⌣ called ‘smile’ denotes the analyticity-preserving conjugation [13] (
⌣
q + ≡
∗
q¯ +). The explicit form of the operator D++ in the analytic basis, as well as all relevant
notation, can be found in Ref. [13].
The S[
⌣
q +, q+, V ++] enters as part of the action of N = 2 supersymmetric electrodynam-
ics
SSED =
1
2
∫
d4xd4θW 2 +
∫
dζ
(−4)
A du
⌣
q +(D++ + iV ++)q+ . (3)
The chiral gauge invariant strength W and its conjugate W¯ are expressed via V ++ by the
relation [13, 14, 16]
W = −
∫
du(D¯−)2V ++(x, θ, u) W¯ = −
∫
du(D−)2V ++(x, θ, u) (4)
2
with D±α = D
i
αu
±
i , D¯
±
α˙ = D¯
i
α˙u
±
i the spinor covariant derivatives. For later use, we singled
out in V ++ a background part V ++0 and write V
++ = V ++0 +V
++
1 . V
++
0 possesses a constant
strength W0 and can be chosen to be of the form
− (θ+)2W¯0 − (θ¯
+)2W0 W0 = const . (5)
For V ++0 = 0, the hypermultiplets are massless. What happens when V
++
0 = 6= 0? Whatever
the origin of a non-vanishing V ++0 (and W0) may be, such a V
++
0 breaks the U(1)-factor
in the N = 2 superalgebra automorphism group U(2) and gives q+ a mass m = |W0| via
generating a central charge proportional to the generator of gauge U(1) symmetry 3.
Thus, this theory possesses two different phases associated with two physically different
choices; V ++0 = 0 and V
++
0 6= 0. Because of the Bianchi identity D
αiDjαW = D¯
i
α˙D¯
α˙jW¯ , we
have ∫
d4xd4θ(W1 +W0)
2 =
∫
d4xd4θW 21 . (6)
Thus, N = 2 Maxwell theory can be treated either as a theory of massless superfields q+,
⌣
q + coupled to gauge superfield V ++1 (the first phase), or as a theory of massive q
+,
⌣
q +
coupled to V ++1 (the second phase). We will consider both phases.
Note that an abelian theory with W0 = const naturally arises as an effective theory
describing the spontaneous symmetry breaking phase in N = 2 super Yang-Mills theory. In
this case the classical potential vanishes at non-zero vacuum values of the scalar components
of the gauge multiplet and only a U(1)-factor of the gauge group survives. In the superfield
language, such a situation just corresponds to W0 = const (see Ref. [25] for a generic
discussion of spontaneous symmetry breakdown in N = 2 super Yang-Mills theory).
The effective action Γ[V ++] of the theory (1) is defined by the path integral
eiΓ[V
++] =
∫
D
⌣
q +Dq+eiS[
⌣
q +,q+,V ++] (7)
and can be formally written as
Γ[V ++] = i Tr ln∇++ . (8)
We will calculate Γ[V ++] starting with this relation, using a suitable definition of the right-
hand side of (8).
Another, basically equivalent version of the harmonic superspace description of the mass-
less hypermultiplet makes use of an unconstrained analytic superfield ω(ζA, u
+, u−) [13]. It
should be taken complex when coupled to the Maxwell gauge superfield. We now show that
3The fact that the hypermultiplet becomes massive follows from the dynamical equation (D++ +
iV ++0 )q
+ = 0 which implies (✷+m2)q+ = 0, where m = |W0|.
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the effective action for the ω version of the hypermultiplet can be computed directly from
the q+ effective action Γ[V ++]. The classical action for ω interacting with the abelian V ++
is given by
S[
⌣
ω, ω, V ++] =
∫
dζ
(−4)
A du∇
++ ⌣ω ∇++ω (9)
where
∇++ω = (D++ + iV ++)ω , ∇++
⌣
ω= (D++ − iV ++)
⌣
ω . (10)
The effective action Γω[V
++] of the theory (9) is defined by
eiΓω [V
++] =
∫
D
⌣
ω DωeiS[
⌣
ω,ω,V ++] (11)
and can formally be written as
Γω[V
++] = i Tr ln(∇++)2 . (12)
Eqs. (8) and (12) lead to the formal relation
Γω[V
++] = 2Γ[V ++] (13)
which, of course, needs justification.
In order to make the above considerations more precise, we consider a theory of two
hypermultiplets qi (i = 1, 2) with the action
S˜[
⌣
q +i, q+i , V
++] =
∫
dζ
(−4)
A du
⌣
q +i∇++q+i (14)
and introduce the corresponding effective action Γ˜[V ++] defined by
eiΓ˜[V
++] =
∫
D
⌣
q +iDq+i e
iS˜[
⌣
q +i,q+
i
,V ++] = e2iΓ[V
++] . (15)
Let us also consider the following change of variables
⌣
q +i = u+i
⌣
ω +u−i
⌣
f ++ , q+i = u
+
i ω + u
−
i f
++ (16)
with some analytic superfields f++,
⌣
f ++. Transformation (16) has been introduced in Ref.
[15] in order to prove the classical equivalence of the models (14) and (9) at V ++ = 0 4. The
right-hand sides in (16) do not contain any dependence on V ++ and, hence, the corresponding
Jacobian is a constant. Now, putting (16) in path integral (15), and eliminating the auxiliary
superfields f++ and
⌣
f ++, one readily finds
Γ˜[V ++] = Γω[V
++] . (17)
4To avoid confusion, we point out that the single q+ can also be traded for a single real ω hypermultiplet
via eq. (16) with
⌣
q +i = ǫikq+k . In such a ω representation, however, the coupling to V
++ contains explicit
harmonics, which is inconvenient for practical calculations.
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Comparing this with (15) leads to (13). Thus to find the effective action of the theory (9),
it is sufficient to calculate the effective action Γ[V ++] for the theory (1)
For the correct definition of the effective action Γ[V ++], we consider the Greens function
G(1,1)(1, 2) of operator ∇++
∇++1 G
(1,1)(1, 2) = δ
(3,1)
A (1, 2) (18)
where 1, 2 ≡ (ζ1,2A, u1,2) and δ
(3,1)
A (1, 2) is the appropriate analytic subspace δ-function [14].
Let us introduce an analytic superkernel Q(3,1)(1, 2) which contains all information about
the interaction and is defined by the rule
G
(1,1)
0 (1, 2) =
∫
dζ
(−4)
3A du3G
(1.1)(1, 3)Q(3,1)(3, 2) (19)
with G
(1,1)
0 the Greens function of the free hypermultiplet [14]
G
(1,1)
0 (1, 2) ≡<
⌣
q +(1)q+(2) >= −
1
✷1
(D+1 )
4(D+2 )
4δ4(x1 − x2)δ
8(θ1 − θ2)
1
(u+1 u
+
2 )
3
. (20)
Then we have
Q(3,1)(1, 2) = δ
(3,1)
A (1, 2) + iV
++(1)G
(1,1)
0 (1, 2) . (21)
With the use of Q(3,1)(1, 2), effective action Γ[V ++] can be defined in the form5
Γ[V ++] = i Tr lnQ(3,1) . (22)
Here the operation Tr is understood in the sense
TrF q,4−q =
∫
dζ
(−4)
A duF
(q,4−q)(1, 2) (23)
for any analytic superkernel F (q,4−q)(1, 2). Eqs. (21–23) show that the effective action (22)
is well defined within perturbation theory.
We can write the effective action Γ[V ++] as a perturbation series in powers of the inter-
action as
Γ[V ++] =
∞∑
n=1
Γn[V
++] = i2 • −
1
2
i3 • • +
+
1
3
i4 • •
•
+ . . . +
(−1)n+1
n
in+1
• •
• •
•
•
•
•
+ . . . (25)
5From a formal point of view, this definition means that Γ[V ++] = −i Tr ln(G(1,1)/G
(1,1)
0 ) where we have
used the fact that the effective action is always defined up to a constant.
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where the n-th term Γn[V
++] is depicted by a supergraph with n external V ++ -legs.
Eq. (22) leads to the following structure for Γn[V
++]
Γn[V
++] = i
(−1)n+1
n
Tr (iV ++G
(1,1)
0 )
n . (26)
Taking into account the antisymmetry of G
(1,1)
0 [14], one observes that all the coefficients
Γn with odd n are vanishing. Therefore, only the supergraphs with even numbers of legs
contribute to the effective action. Γ[V ++] can be shown to be gauge invariant. Hence, each
coefficient Γn (26) can ,in fact, only depend on the strengths W , W¯ in the low-energy limit.
As was previously pointed out, the theory under consideration possesses two different
phases corresponding to the cases V ++0 = 0 and V
++
0 6= 0.First let us discuss the V
++
0 = 0
case.
We begin with a direct calculation of the term Γ2[V
++] which, in the central basis, reads
Γ2[V
++] = −
i3
2
∫
d4x1d
4θ+1 du1d
4x2d
4θ+2 du2
1
✷1
(D+1 )
4(D+2 )
4[δ4(x1 − x2)δ
8(θ1 − θ2)]
×
1
✷2
(D+2 )
4(D+1 )
4[δ4(x2 − x1)δ
8(θ2 − θ1)]
V ++(x1, θ1, u1)V
++(x2, θ2, u2)
(u+1 u
+
2 )
3(u+2 u
+
1 )
3
(27)
where the explicit form of G
(1,1)
0 (20) has been used.
6 Let us restore the full Grassmann
measure d8θ1d
8θ2 [15], make use of the relation between V
++ and V −− [16]
V −−(x, θ, u) =
∫
du1
V ++(x, θ, u1)
(u+u+1 )
2
,
and perform the Fourier transform. As a result one obtains
Γ2[V
++] = −
i
2
1
(2π)8
∫
d4pd8θdu V ++(p, θ, u)V −−(−p, θ, u)Π(p) (28)
where
Π(p) =
∫
d4q
q2(q − p)2
. (29)
Regularizing Γ[V ++] by the dimensional regularization prescription
Π(p) → Πreg(p) = µ
2ε
∫
dDq
q2(q2 − p2)
(30)
with D = 4 − 2ε and µ the normalization parameter, and subtracting the ultraviolet diver-
gence
Γdiv[V
++] =
1
32π2ε
∫
d4xd4θW 2 (31)
6 We use the following notation: (D±)2 = 14D
±αD±α , (D¯
±)2 = 14D¯
±
α˙ D¯
±α˙ and (D+)4 = (D+)2(D¯+)2.
6
one ends up with the two-leg correction to the renormalized effective action ΓR[V
++]
Γ2R[V
++] = −
1
32π2
∫
d4xd4θW ln
(
−
✷
µ2
)
W . (32)
An analogous quantum correction has been found in N = 1 super Yang-Mills theory in [19].
Eq. (32) can be treated as the leading term in the effective action for a weak but rapidly
varying gauge superfield. However, for this correction is problematical in the low-energy
limit where p2 → 0. To overcome this, we introduce an infrared cutoff Λ2 using the rule
Πreg(0) = µ
2ε
∫
Λ2
dDq
q4
= iπ2
(
1
ε
+ ln
µ2
Λ2
)
. (33)
Then, the low-energy correction reads
Γ2R[V
++] = −
1
32π2
ln
Λ2
µ2
∫
d4xd4θW 2 . (34)
Eq. (31) constitutes the only divergence in the theory under consideration. All contributions
Γn[V
++] for n > 2 are automatically ultraviolet-finite. Clearly, eq. (34) corresponds to a
holomorphic contribution to the effective action.
The next stage is the calculation of the four-leg contribution Γ4[V
++] in the low-energy
limit. We start with general relation (26) for n = 4 and restore the full Grassmann measure
d8θ. As the result, we get
Γ4[V
++] = −
i
4
∫
d4x1d
4x2d
4x3d
4x4d
8θ1d
8θ2du1du2du3du4
1
✷1
(D+1 )
4(D+2 )
4
×[δ4(x1 − x2)δ
8(θ1 − θ2)]
(
1
✷2
δ4(x3 − x4)
)
1
✷3
(D+3 )
4(D+4 )
4[δ4(x3 − x4)δ
8(θ1 − θ2)]
×
(
1
✷4
δ4(x4 − x1)
)
V ++(x1, θ1, u1)V
++(x2, θ2, u2)V
++(x3, θ3, u3)V
++(x4, θ4, u4)
(u+1 u
+
2 )
3(u+2 u
+
3 )
3(u+3 u
+
4 )
3(u+4 u
+
1 )
3
. (35)
Here we have used the explicit form of G
(1,1)
0 (20) and integrated over two Grassmann coor-
dinates.
After performing the Fourier transformation of δ-function, the previous expression can
be rewritten in the form
Γ4[V
++] = −
i
4
∫
d4x1d
4x2d
4x3d
4x4d
8θ1d
8θ2du1du2du3du4
d4p1d
4p2d
4p3d
4p4
(2π)16p21p
2
2p
2
3p
2
4
×exp(ip1(x1 − x2))exp(ip2(x2 − x3))exp(ip3(x3 − x4))exp(ip4(x4 − x1))
×δ8(θ1 − θ2)V
++(x1, θ1, u1)V
++(x2, θ2, u2)[D
+
2 (−p1)]
4[D+1 (p1)]
4
×
[V ++(x3, θ2, u3)V
++(x4, θ1, u4)[D
+
3 (p3)]
4[D+4 (−p3)]
4δ8(θ1 − θ2)]
(u+1 u
+
2 )
3(u+2 u
+
3 )
3(u+3 u
+
4 )
3(u+4 u
+
1 )
3
. (36)
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We have omitted the terms obtained by the action of [D+1 (p1)]
4 on V ++(x1, θ1, u1) and
[D+2 (−p1)]
4 on V ++(x2, θ2, u2) because they do not contribute in the local limit.
Our aim is to find the local low-energy contribution to Γ4[V
++]. Due to the supergauge
invariance, it should be composed only from the superfield strengths W and W¯ at the same
point (x, θ). This means that we are led to consider W , W¯ as independent functional
arguments of Γ4[V
++], neglecting all space-time derivatives of these superfields. Taking into
account the relation between W and V ++, eq. (4), there is only one possible way to convert
all V ++ into the superfield strengths. It is necessary to distribute eight spinor derivatives
among the external lines so as to have an equal number of the derivatives D+ and D¯+ acting
on the Grassmann δ-function; otherwise the result will be zero. It is evident that we get
both W and W¯ in this manner and, hence, a non-holomorphic contribution.
Let us briefly discuss the possibility to obtain holomorphic contributions. Such a contri-
bution is defined by an integral over the chiral subspace which can be obtained by the rule∫
d4xd8θ ∼
∫
d4xd4θD¯4. Then we could throw only four spinor derivatives on the external
legs and distribute the remainder among the δ-functions. The total number of these deriva-
tives formally suffices to obtain a non-zero result. Unfortunately, all derivatives acting on
the external legs should have the same chirality in order to finally get the expression depend-
ing only on W . This means that the numbers of D+’s and D¯+’s acting on the δ-function
do not match each other and the final result must vanish. Thus, there is no holomorphic
contribution to Γ4[V
++].
The only part of Γ4[V
++] which contains eight spinor derivatives on external lines can
be singled out as follows
Γ4[V
++]⇒ −
i
4
∫
d4x1d
4x2d
4x3d
4x4d
8θ1d
8θ2du1du2du3du4
d4p1d
4p2d
4p3d
4p4
(2π)16p21p
2
2p
2
3p
2
4
×exp(ip1(x1 − x2))exp(ip2(x2 − x3))exp(ip3(x3 − x4))exp(ip4(x4 − x1))
×δ8(θ1 − θ2)[D
+
3 (p3)]
4[D+4 (−p3)]
4δ8(θ1 − θ2)
×
V ++(x1, θ1, u1)V
++(x2, θ2, u2)[D
+
2 (−p1)]
4V ++(x3, θ2, u3)[D
+
1 (p1)]
4V ++(x4, θ1, u4)
(u+1 u
+
2 )
3(u+2 u
+
3 )
3(u+3 u
+
4 )
3(u+4 u
+
1 )
3
(37)
After performing the D-algebra and integrating over θ2 one gets in the low-energy limit
Γ4[V
++] = −
i
8(2π)4
∫
Λ2
d4p
p8
∫
d4xd8θ
∫
du1(D
−
1 )
2V ++(x, θ, u1)
×
∫
du2(D¯
−
2 )
2V ++(x, θ, u2)
∫
du3(D¯
−
3 )
2V ++(x, θ, u3)
×
∫
du4(D
−
4 )
2V ++(x, θ, u4) (38)
with Λ2 the infrared cutoff. Now let us use the relations (4) which allow us to represent eq.
8
(38) in a manifestly gauge invariant form
Γ4[V
++] =
1
(16π)2Λ4
∫
d4xd8θW 2W¯ 2 . (39)
This result has a simple physical interpretation. Let us keep as non-vanishing only the
electromagnetic field components Fµν of W and W¯ . Then Γ4[V
++] turns into
Γ4[V
++] =
1
(64π)2
1
Λ4
∫
d4x{(FµνF
µν)2 + (FµνF˜
µν)2} (40)
where F˜ µν is the dual of Fµν . Eq. (40) is, in fact, the first time a non-linear quantum
correction to the electromagnetic Lagrangian has been presented for the N = 2 theories un-
der consideration. This type of correction was originally discussed by Heisenberg and Euler
(see, for instance, [20]). Therefore, Γ4[V
++] can be interpreted as the N = 2 supersymmet-
ric generalization of Heisenberg-Euler Lagrangian. By construction, Γ4[V
++] is given in a
manifestly N = 2 supersymmetric and gauge covariant form.
It is worth noticing (see [5, 10]) that the functional
∫
d4xd8θW¯ 2W 2 rewritten in terms
of N = 1 superfields contains a contribution with four spinor derivatives of chiral matter
superfields. This kind of one-loop quantum correction to the effective action has been found
in Ref. [21] and called the effective potential of auxiliary fields (see also [6]).
The above consideration can be generalized to give the 2n-leg contribution Γ2n[V
++], for
n = 3, 4, . . ., in the low-energy approximation
Γ2n[V
++] ∼
∫
d4xd8θ
(
W¯W
2Λ2
)n
n > 1 . (41)
Eqs. (34) and (41) specify the general form of low-energy effective action. We see that
the effective action has both holomorphic and non-holomorphic parts. The holomorphic
contribution is simple and stipulated by the ultraviolet divergence. The non-holomorphic
contribution has a very special structure; i.e. it depends on W and W¯ only via the combi-
nation W¯W .
To fix the dependence on the arbitrary parameter µ we should, as usual, impose some
renormalization conditions. The infrared cutoff Λ, unlike µ, is a physical parameter which,
in accordance with the status of the Wilsonian effective action [24], defines the physical scale
where we study the low energy phenomena.
We now turn to the calculation of the low-energy effective action for the case when
V ++0 6= 0.We start from the four-leg contribution (36). In order to obtain a holomorphic
contribution one should throw two derivatives D+ and two derivatives D¯+ on the external
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lines. The only term which gives a contribution in the local limit is
Γ4[V
++]⇒ −
i
4
∫
d4x1d
4x2d
4x3d
4x4d
8θ1d
8θ2du1du2du3du4
d4p1d
4p2d
4p3d
4p4
(2π)16p21p
2
2p
2
3p
2
4
×exp(ip1(x1 − x2))exp(ip2(x2 − x3))exp(ip3(x3 − x4))exp(ip4(x4 − x1))
×δ8(θ1 − θ2)[D¯
+
2 (−p1)]
2[D+1 (p1)]
2[D+3 (p3)]
4[D+4 (−p3)]
4δ8(θ1 − θ2)
×
V ++(x1, θ1, u1)V
++(x2, θ2, u2)[D
+
2 (−p1)]
2V ++(x3, θ2, u3)[D¯
+
1 (p1)]
2V ++(x4, θ1, u4)
(u+1 u
+
2 )
3(u+2 u
+
3 )
3(u+3 u
+
4 )
3(u+4 u
+
1 )
3
.(42)
The expression we are interested in can be picked out from (42). Using the fact that
V ++ = V ++0 + V
++
1 with V
++
0 given by eq. (5), we can conclude that the local holomorphic
contribution comes from the following piece of Γ4[V
++]
Γ4[V
++] = −
i
4
∫
d4x1d
4x2d
4x3d
4x4d
8θ1d
8θ2du1du2du3du4
d4p1d
4p2d
4p3d
4p4
(2π)16p21p
2
2p
2
3p
2
4
×exp(ip1(x1 − x2))exp(ip2(x2 − x3))exp(ip3(x3 − x4))exp(ip4(x4 − x1))
×
δ8(θ1 − θ2)[D¯
+
2 (−p1)]
2[D+1 (p1)]
2[D+3 (p3)]
4[D+4 (−p3)]
4δ8(θ1 − θ2)
(u+1 u
+
2 )
3(u+2 u
+
3 )
3(u+3 u
+
4 )
3(u+4 u
+
1 )
3
×V ++(x1, θ1, u1)V
++(x2, θ2, u2)[(u
+
2 u
+
3 )
2W¯0[D¯
+
1 (p1)]
2V ++1 (x4, θ1, u4)
+(u+4 u
+
1 )
2W0[D
+
2 (−p1)]
2V ++1 (x3, θ2, u3) + (u
+
2 u
+
3 )
2W¯0(u
+
4 u
+
1 )
2W0] . (43)
In the low-energy limit eq. (43) gives rise to the gauge invariant contribution
Γ4[V
++] = −
i
4
∫
d4p
(2π)4p6
∫
d4xd4θW 3W¯0 +
i
8
∫
d4p
(2π)4p6
∫
d4xd4θW 2W¯0W0 + h.c. (44)
where the identity ∫
d4xd8θduV ++V −−K(W ) =
∫
d4xd4θW 2K(W ) (45)
for arbitrary an holomorphic function K(W ) has been used.
Analogously, in the 2n-th order we have
Γ2n[V
++] = −
i
2n
∫
d4p
(2π)4p2n+2
∫
d4xd4θW n+1W¯ n−10
+
i
4n
∫ d4p
(2π)4p2n+2
∫
d4xd4θW 2(W¯0W0)
n−1 + h.c. (46)
To calculate the total one-loop effective action we should sum up all contributions (46).
This leads to the expression
Γ[V ++] =
1
32π2
∫
d4xd4θ
W
W¯0
∫
dp2 ln(1 +
WW¯0
p2
)
−
1
64π2
∫
d4xd4θ
W 2
W0W¯0
∫
dp2 ln(1 +
W0W¯0
p2
) + h.c. (47)
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After renormalization and doing the momentum integral, one gets
ΓR[V
++] =
∫
d4xd4θF(W ) + h.c. (48)
where
F(W ) =
1
64π2
W 2
(
1− ln
W 2
µ2
.
)
(49)
Here all the dependence on W0, W¯0 has been absorbed in the normalization point µ.
Eqs. (48) and (49) are two of the main results of our paper. We see that the massive
branch of the theory , unlike the massless one, allows one to obtain non-trivial holomorphic
contribution to the low-energy effective action. This holomorphic contribution does not
depend on the infrared cutoff and, hence, it is automatically infrared-finite. To fix the
ultraviolet normalization point we should impose, as usual, some renormalization condition
such as
F(W )|W 2=M2 = 0 . (50)
It means that the quantum correction to the classical Lagrangian 1
2
W 2 is absent at the scale
M . The above condition fixes the normalization point µ and allows us to rewrite eq. (49)
in the form
F(W ) = −
1
64π2
W 2 ln
W 2
M2
. (51)
It is interesting to note that eq. (51) coincides, up to sign and numerical coefficient, with
the perturbative holomorphic quantum correction to the classical Lagrangian of N = 2
super Yang-Mills theory which was found by Seiberg [3], based on non-manifestly N = 2
supersymmetric considerations. The difference in sign and the coefficient is due to two
reasons. Firstly, we compute the quantum correction coming from matter superfields, not
gauge ones, which leads to the opposite sign of the β-function. Secondly, the present model
describes different degrees of freedom as compared to the N = 2 super Yang-Mills model.
Let us summarize the results. We have developed a general approach to the problem
of computing the effective action of the N = 2, D = 4 abelian gauge superfield coupled
to massless and massive off-shell hypermultiplets (with the mass arising as an effect of the
non-zero vacuum expectation value of the gauge superfield). This approach is based on
the formulation of N = 2 supersymmetric theories in harmonic superspace and guarantees
manifest N = 2 supersymmetry at each step of the computation. We have demonstrated
that the N = 2 supergraph techniques of Refs.[14, 15] are suitable for the investigation of a
broad class of N = 2 supersymmetric theories in the same way, and with the same degree of
efficiency, as the well known N = 1 supergraph techniques (see, for instance, [22, 23]).
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Theory (1) possesses two different phases corresponding to massless and massive hyper-
multiplets. The renormalized Wilsonian effective action of the Maxwell multiplet was consid-
ered for both phases of the theory. We calculated its explicit form, which depends only on the
superfield strengthsW and W¯ , in the low-energy limit where all derivatives on the superfield
strengths can be neglected. In the massless case, we found that the effective action contains
the trivial holomorphic contribution which is stipulated by the ultraviolet divergence and
the non-trivial non-holomorphic contributions (39) and (41). These non-holomorphic con-
tributions are automatically ultraviolet-finite and depend on an infrared cutoff Λ defining a
physical scale in the theory under consideration. The simplest non-holomorphic contribu-
tion (39) leads to the N = 2 supersymmetric extension of the well-known Heisenberg-Euler
lagrangian. The massive branch occurs when the hypermultiplet is coupled to a background
gauge superfield V ++0 with the constant strength W0 6= 0. V
++
0 can be associated with the
breakdown of the U(1) factor in the automorphism group U(1) × SU(2) of N = 2 super-
symmetry. In the massive case, the structure of the effective action is changed drastically
as compared to the massless case. Here the effective action contains non-trivial holomorphic
contributions. Moreover, their structure is analogous to the low-energy perturbative effective
action for N = 2 super Yang-Mills theory obtained by Seiberg by integrating the R-anomaly
[3].
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